
APPENDIX: CALCULATION OF V 

an analytical approximation and by numerical integrations. 

Analytical Approximation 

The volume V given by Equation (18) was calculated by 

Equation (19) can be rewritten as 

l - x  2 X 
fe(s T )  = CI(-) 2 - x  - cg( -) 2 - x  

(c1 + CZ)XZ - 2(Cl + C2)X + c1 - 
(2 - x ) 2  

where 
4 770 

c1= 55 exp( - ,) 

Since c1 >> cg for 485.44 T L 826 

-- 1 - - ( 1 + ) - 2 l n ( l - t ) ]  1 
-c1[ 1 - 6  

Hence 

0.0362 1 
= 5 f e ( x ,  T )  

=- 0.0362 exp( 7) 
dx 

55E 

This expression for V was used in all calculations presented in 
this paper. 

Numerical Integrations 
The integral 

was also evaluated by Simpson's one third rule (eleven points) 
and by the four-point Tchebycheff quadrature. The first yielded 
the following optimal solution 

Fo = 146,435.8 T = 826.0000 
= 0.4498919 V = 1.160926 

T = 826.0000 
= 0.4501003 V = 1.160481 

and the second 
Fo = 146,433.5 

Both sets of solutions, especially the first, are nearly equal to 
the solution obtained by the analytical approximation given in 
Table 2. This indicates that, in lieu of the previous analytical 
approximation, a numerical procedure can be used to carry out 
the integration if the reaction is of an arbitrary order or the 
stoichiometry is of a highly complex nature. 
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Global Minimization of a Cooled 
Reactor by Using a Posynomial 
Lower Bounding Function 

The cost of a reactor-heater system with an auxiIiary cooler can have 
at least two local minima and a local maximum, with respect to the design 
variables: temperature and extent of reaction. This cost can be bounded 
below by a unimodal function which, being a posynomial (a sum of power 
functions), can be minimized efficiently by geometric programming. Con- 
struction of this lower bounding function is not obvious, since the cost in- 
volves both a definite integral and economies of scale. 
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SCOPE 
An earlier article by Wilde (1974) used a fluidized re- 

actor-heater system as an example of how simple but rigor- 
ous design procedures can be applied to optimization 
problems appearing quite difficult from the standpoint of 
conventional mathematical programming. Subsequently, 
Chen and Fan (1976) showed that the exothermic thermo- 
kinetic design, in which fluid mechanics constraints are 
inactive at the optimum, might be improved by adding an 
auxiliary cooler. Here the original formulation is modified 
to include this auxiliary cooler, with a fixed cost, a credit 
for waste heat steam, and a heat exchanger variable cost. 

Although it is proven that the resulting objective function 
of two variables can have at least three extreme points 
(one maximum and two local minima), methods are de- 
veloped which avoid an exhaustive search in the two di- 
mensions. The optimum temperature can be determined 
before the optimum extent of reaction. 

With the optimal temperature known, the objective 
function becomes a multimodal function of the extent, with 
a discontinuity at the locally minimal thermally balanced 
design, that is, the one with no auxiliary cooler. Economies 
of scale in the auxiliary cooler generate a local maximum 
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near this local minimum, and the definite integral in the the Newton-Raphson method, which is not applicable to 

function, being unimodal, lends itself to minimization b; for terminating the search. 

CONCLUSIONS AND SIGNIFICANCE 
The system cost is discontinuous at one local minimum 

and has at least one local maximum if there is an interior 
minimum. Yet the global minimum can be found without 
exhaustive search in two variables. 

Of principal interest to optimization theorists is the con- 
struction, for this multimodal cost, of a rigorous lower 
bounding function which can be minimized by the New- 
ton-Raphson method and bounded below by geometric 
programming. The reactor cost, although containing a 
definite integral, is shown to have a positive and increasing 
second logarithmic derivative, making it boundable below 
by a positive power function. Economies of scale in the 
auxiliary cooler cost, which would generate a reversed in- 
equality in a geometric programming model, permit bound- 
ing the cooler cost below by a linear function. The result- 
ing lower bounding function is a unimodal posynomial 

which can be modified to bound the cost more closely as 
the search proceeds. Lower bounding constants obtained 
easily by geometric programming continually test the best 
cooled design against the best uncooled design, each of 
which is at a local minimum. In favorable cases, the global 
minimum is identified quickly. In no case will the pro- 
cedure stop at a local minimum which is not also globally 
minimum. 

Reactor designers will find the method useful for bound- 
ing the reactor volume integral by a power function. They 
will also see how economies of scale, which produce an- 
noying local maxima, can be handled by linear lower 
bounds. The interest of these results is, however, mainly 
theoretical, since in practice little more effort would be 
needed by the exhaustive search suggested by Chen and 
Fan (1976). 

Chen and Fan showed that the cost of an exothermic 
reactor-heater system modeled by Wilde may be reduced 
by adding an auxiliary cooler. Here the cost of such a 
cooler is modeled and added to the cost of the uncooled 
system. As this is a sequel to the two earlier papers, the 
earlier nomenclature is used here without redefinition. 
After the cooler is modeled, the optimal reactor tempera- 
ture is determined independently of the optimal extent of 
reaction. The remaining univariable, but multimodal, cost 
is minimized globally by constructing a unimodal lower 
bounding function minimizable by geometric programming 
(Duffin et al., 1967). 

AUXILIARY COOLER COST 

Suppose the total annual expense of an auxiliary cooler 
to be the sum of three costs: a positive fixed cost, indepen- 
dent of heat load, for controls, structure, piping, and ac- 
coutrements; a credit (negative cost) for the waste heat 
recovered; and a heat exchanger cost which increases with 
the heat transfer surface are needed. These three cost 
terms, being added to the three original cost terms, are 
labeled t04, t 0 5 ,  and t 06 ,  respectively, making the auxiliary 
cooler cost c = tM - t o 5  + t o @  Here, to4 is the positive 
constant fixed cost, to5 is the positive steam credit, assumed 
proportional to (5  - [ t ) ,  the amount by which the design 
reaction extent exceeds that at thermal equilibrium (tt) 

t o 5  p 0 5 ( t  - r t )  

and t o 6  is the variable heat exchanger cost assumed to have 
the form 

t 06  p 0 6 g (  T )  ( t  - t t ) '  

where ( is a positive exponent usually not exceeding unity, 
and g( T )  is a nonincreasing function of temperature. The 
rationale for this form is that the heat exchanger area will 
be proportional to the heat generated, in turn proportional 
to t - tt, and inversely proportional to the mean exchanger 
temperature gradient. The exchanger cost is then assumed 
to be a power function of the area, with the known expo- 
nent ( being positive but only rarely exceeding unity. If y 

is the cost of the plant exclusive of the auxiliary cooler, 
then the total cost z is 

z + c = y f t04 - p O 5 ( [  - f t )  + p06g(T ,  ( f  - [ t ) '  

with the fixed cost to4 applying only when cooling is re- 
quire d : 

J = 0 when [ = [ t  

t04 1 > 0 when [ >  tt 
This creates a discontinuity at 5 = .ft, which guarantees 
that the cost of the uncooled design (Wilde's type 1) is 
always locally minimum with respect to 5, since extents 
less than t t  are infeasible in this model, which excludes 
having an auxiliary heater. 

The three design variables, V, T ,  and [ must also satisfy 
the mass balance which can be arranged to give the vol- 
ume V explicitly as an integral. Thus V may be eliminated 
from the objective, giving finally a cost functron in only 
T and 8: 

+ p025-' + pod-'  f c 
where 

f e  = afpr(t)exp(- b#') - arpr(5)exp(- b J T )  > 0 

is the net reaction rate. The first term is the reactor cost. 
The second, the primary cooler cost; the third, the operat- 
ing cost. The problem then is to minimize this function z 
with the independent variables restricted only by T 4 T,  
(the maximum temperature allowed) and f t  6 -.f < 8, (the 
equilibrium extent). Chen and Fan (1976) showed, by 
exhaustive search of this two-dimensional region in Wilde's 
numerical example, that aside from the local minimum at 
the thermal equilibrium design, there can exist other local 
minima in the interior. What follows will show that the 
number of interior minima cannot exceed one, and that 
the optimal temperature can be found without searching 
on the extent. Thus the two-dimensional exhaustive search 
of Chen and Fan can be replaced by a unidimensional 
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search on the extent. In favorable cases, the easily ob- 
tained thermal equilibrium design having no cooler can be 
proven globally optimal without iterative search. 

OPTIMAL TEMPERATURE 

This section proves that the optimal temperature can be 
determined in advance, without finding the optimal extent 
simultaneously. In most cases, it is the maximum tem- 
perature allowed. This optimal temperature will be the 
same whether or not there is auxiliary cooling. 

All of this follows from the fact that for an exothermic 
reaction, the extent tt at thermal equilibrium strictly in- 
creases with temperature, and so 

dtt/aT > 0 
Differentiation of the auxiliary cooler cost with respect to 
temperature gives 

-+-- ac ac att 
aT at t  aT 

The first term is negative by the hypothesis that g ( T )  de- 
creases in T .  Since afJaT > 0, the second is also negative 
whenever the cost of the cooler to6 exceeds the steam 
credit to5 divided by 5. In practice, the cooler cost will far 
exceed the steam credit, and 5 will usually be near unity, 
so it is reasonable to assume that 

[to6 > t05 

in which case the cooler cost c strictly decreases with T.  
Therefore, the derivative of the total cost is bounded above 
by the derivative of the cost exclusive of the cooler: 

ay a y  x t  Hence, if - + - - < 0 when T is at its maximum 
aT aEt dT -. 

value Tm, then Tm must be the optimal temperature, 
whether or not there is an auxiliary cooler. 

The reactor cost t o 1  is such a complicated expression 
that in practice the derivative dy/dT + (8y/a<t) ( dft /dT)  
would be determined by direct perturbation in the neigh- 
borhood of Tm rather than by rigorous differentiation. But 
in the interesting case where the reverse reaction rate at 
thermal equilibrium is negligible compared to the forward 
rate, a closed form expression is obtainable. Suppose, then, 
that 

Then 

and 

f e ( 6  T )  - afff (t7 exp ( -  b f / T >  

afe/dT = bffe/T2 

Consequently, at thermal equilibrium 

(ay/aT)  t = tolT-'(8T - a&) 
Other derivatives needed are 

aE/aT = (p52p53 - p5l)/(p53 - p51T)' 
and 

- (Yt02 + to31 

Although the last expression appears complicated, the in- 
tegral must be calculated anyway to design the uncooled 
system (type 1). Thus it is straightforward to evaluate 
[ (ay/aT) + (ay/at) ( 8 f / d T ) ]  = (a i /dT) t  at the maxi- 
mum allowable temperature Tm. Since T & Tm, the maxi- 
mum temperature is locally optimal if and only if (a;/ 
aT)t  0. The reader can verify that the Chen and Fan 
type 4 design has this derivative equal to zero, and at 
higher temperatures the derivative is positive, indicating 
nonoptimality. Notice also that when av/aT strictly in- 
creases with T ,  there can only be one temperature where 
the derivative vanishes. At lower allowable temperatures, 
the maximum temperature is therefore locally optimal. 

GLOBALLY OPTIMAL EXTENT 
The optimal temperature known, the optimal extent of 

reaction remains to be found. As a last but practical resort, 
one can always find the global optimum by exhaustive 
search of the objective function. This section will show 
how one can accelerate this search, or even avoid it en- 
tirely, by detecting immediately when the thermal equilib- 
rium design is globally optimal. Although the saving in 
effort is not great for this problem, the novel methods used 
are interesting because of their applicability to other prob- 
lems having multiple optima. 

The objective function for this problem is particularly 
challenging. Not only is it discontinuous at the locally opti- 
mal thermal equilibrium design, but also, as will be shown, 
it increases with extent whenever the cooler exhibits econ- 
omies of scale. Thus it must pass through a maximum be- 
fore achieving any minimum, precluding any search pro- 
cedure employing derivatives, such as the Newton-Raphson 
method, or even requiring unimodality, such as the Fibo- 
nacci method. 

These obstacles are overcome by constructing a func- 
tion bounding the objective from below at every feasible 
value of extent. This lower bounding function is a posy- 
nomial, that is, a sum of positive power functions, to which 
the powerful theorems of geometric programming apply. 
Posynomials have no stationary points other than the 
global minimum, lend themselves readily to the Newton- 
Raphson method, and can themselves be easily bounded 
below by constants. Thus, if the bounding function in- 
creases at the thermal equilibrium design, there is no need 
to explore further, since this design must be globally mini- 
mal. Otherwise, a Newton-Raphson step approximates the 
interior minimum, in the neighborhood of which a good 
lower bounding constant can be computed. This may ter- 
minate the search by showing either that the thermal 
equilibrium design cannot be bettered, or that the ap- 
proximate design cost is sufficiently low that further im- 
provement is not worth pursuing. Even when this pro- 
cedure is inconclusive, it narrows the range of extents 
known to contain the minimum. The method can be iter- 
ated, or else the cost function can be explored directly 
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within this smaller range. A lower bounding constant can 
be computed at any time to terminate the process. 

The lower bounding function is remarkable in two re- 
gards. First, the reactor cost, which involves an integral, 
can be bounded below rigorously and with small error 
by an easily computed power function. Second, the auxili- 
ary cooler cost, which does not lend itself to the posy- 
nomial form, can be bounded below by a linear function 
with accuracy sufficient for this procedure. 

Consider first the variable cost to6 of the auxiliary cooler, 
which is proportional to (5 - [t) ' .  If there are economies 
of scale, then 5 < 1, and the first derivative increases with- 
out limit as [ approaches tt fIom above. Since the deriva- 
tives of all other cost terms are finite at [t, this implies that 
the total cost must increase with [ in the neighborhood of 
[ t  and, if there is a local minimum for any 5 > [t, must 
pass through a maximum. Thus there would be a local 
minimum at [t  even if the fixed cost to4 were zero. This 
prevents the use of the Newton-Raphson method near tt, 
since it would move toward the maximum rather than the 
minimum. 

When 5 = 1, t o6  is linear in 5, permitting it to be com- 
bined with to5 which is also linear. The first derivative 
being a positive constant, the derivative of the total cost 
would be finite at f t ,  and the Newton-Raphson method 
could be employed. This linear case will in fact be used 
as a bound on the nonlinear case where 5 < 1. Suppose 
the locally minimizing value .$* of [ is known to lie in the 

range f t  < [* < [ I 1. The function ( f  - &)' has a 
negative second derivative over this range, so it is bounded 
below by the straight line connecting the end points on 
its graph as a function of 5 - [t. This gives the inequality 

A 

A A 
( E  - Tt)G> ( 5  - fd ' (  5 - 5 9 - l  ( 8  - S t )  

A 
= ( 5 - 6t)S-l (6 - et) 

The linear right member can be combined with the linear 
steam credit to give the following linear lower bound on 
the auxiliary cooler cost: 

C(6) i t 0 4  - ( 5 - ft)'-' - Po511 
A 

A + [p06g(T*)  ( 5 - tt) '-' - POSI 6 
4 + q 0 4 f  ( 5 t  A 5 4 5 t )  

A 
Initially, the upper bound 5 can be taken as the equilib- 
rium extent if it is known or, more simply, as unity. Once 

a smaller upper bound 5 on the minimizing extent has 
been established, it can be inserted in the formula. Later 
it will be shown how to generate such a bound by the 
Newton-Raphson method. 

To complete construction of a posynomial lower bound- 
ing function, a power function lower bound on the re- 
actor cost term tol is needed. It is convenient to work with 
the reactor volume V as an intermehate variable, for which 
the exponent of a power function of ( 1  - f )  would be 

A 

aln(1 alnv - [) = (+) (5) [ dln(1 - () 1 
= [ - l +  Dl ] (- I - 1  + 1) 

Vfe ( 5, T* 
= ( 1  - [)I-' [l - p 6 1  V-l f e - l ( t ,  T e l l <  0 

The product (Vfe([, T , )  increases linearly with [, for 

Therefore, alnV/aln( 1 - 5) decreases with In( 1 - f )  and 
can be bounded above for [ 

dlnV/dln( 1 - () 
[t: 

'(1-5t)5't-1[1-P61Vt-1f,-1 ('!t,T*)lE 

-pa-' < 0 
Hence the following inequality is valid for 5' 2% &: 

V h V t  [ ( l -  t ) / ( l  --tt)]-fi'e 

to1 2 CPOl(1 - &)"I (1 - f )  -" = 401(1 - 4 )  --lL 

From this follows 

This lower bounding function has very little error in the 
example, being within 1% of the true cost over twice the 
range of 4 encompassing the interior optimum. Designers 
therefore may find this power function lower bound use- 
ful in any problem involving well-stirred reactors. 

In order to use posynomial geometric programming 
theory, the bound must be expressed as a power function 
of a single variable 

q E 1 - 6  

This inequality constraint can be replaced by the inequal- 
ity 

q+.!&l 

since in minimizing qolq-', which decreases in 7, the 
argument 7 will increase until the upper bound is achieved. 

The full lower bounding function Z(5) which bounds 
~ ( t )  from below for all feasible 5, is therefore obtained 
by combining the bounds on c ( 5 )  and to1 with the other 
cost terms 

z(5) 2 Z ( 0  = q01rl-" + p o 2 5 - y  + Post-' + Qo4E + q 
subject to f t  L 5 4 5,, 7 0, and q + 8 4 1. 
Although z (5) may have several stationary points, I ( I ) ,  
being the objective function for a posynomial geometric 
program, can only have one, a global minimum (Duf3n 
et al., 1967). 

It has not been recognized that a principal advantage 
of the geometric programming form is that both first and 
second derivatives with respect to the logarithms of the 
variables are quite easy to obtain. This makes practical the 
application of the Newton-Raphson method, as will now 
be demonstrated. Let A be a positive Lagrange multiplier 
for the constraint, defining a Lagrangian function 

Then 
L ( %  5, A )  = Qrl,5) - X[l - (7 + 0 1  

d L / a l n ~  = ?aL/all = - pt'ol + 71 
aL/aln( = - ytm - t 0 3  + f 0 4  + [A 

where the primes emphasize that the corresponding terms 
are in 1, not x. These will be called semilog derivatives. 
In this case the undetermined multiplier can be expressed 
as a function of the reactor cost bound t'ol by invoking 
the necessary condition that aL/alnq = 0 at a stationary 
point. Then 

Substitution of this into aL/alnC gives aL/alnl = d ( 1  - 
[)-lfol - ytO2 - to3 + f O 4 ,  an expression that involves 
only [. A second differentiation gives 

a2L/d ( ln.$)2 

x = p7/-1fo1= p (  1 - t )  -1f01 
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The Newton-Raphson method would involve evaluating 
first and second semilog derivatives at tt and computing 
a change in In8 driving dL/alnf to zero: 

Alnf = { - (aL/alnf) [ a2L/a (lnf) 2] 

The predicted minimum for E ( t )  is 

A 
5 = tt exp { - (dL/alnt) [ PL/a (lnf) -I} 

A 
This estimate 5 is actually too great, since a more ac- 

curate bound on the auxiliary cooler cost would give a 
considerably larger coefficient for t '04 This would increase 
the first semilog derivative, that is, decrease its absolute 
value, and increase the second semilog derivative, short- 
ening the Newton-Raphson step. Hence it is proper to 

construct such a closer bound for the range f t  4 6 f ,  
since the minimum for the new function will be inside it. 

At the new point 4 it is simple to evaluate the terms of 

1 and compare I (  f ) to zt. If Z( t ) < zt, then there is 
promise that the interior local minimum is globally mini- 
mal, and one can continue to search for it, say by another 
Newton-Raphson iteration or by exhaustive search over the 

smaller range. If one suspects that Z( z ) is already nearly 
minimal, a lower bounding constant can be constructed to 
see if significant improvement is possible. And when 

Z( z ) > zt, construction of a bounding constant may al- 
low immediate termination of the search by proving that 
the global optimum is at tt. 

Geometric programming permits construction of such a 
lower bounding constant [ D ,  P ,  Z]. Let 801, 802, 803, and 
804 be positive variables associated with the first four vari- 
able terms of Z(t). At the optimum, they would be the 
fractions of the total variable cost associated with the four 
terms, respectively, and so they satisfy a normality con- 
dition, 

A 

A 

A A 

A 

A 

801 + 802 + 803 + 804 = 1 

Let 811 and 812 be dual variables associated with the terms 
7) and 5, respectively, in the constraint function 7) + f .  At 
the optimum they are proportional to the terms and sum 
to the Lagrange multiplier h, and so 

sl1 = vh and 812 = [h 

These six dual variables and h must satisfy the necessary 
conditions for optimality, namely, that the first logarithmic 
derivatives must vanish: 

(alnZ/alnp) ,, = Z,-I (allalnp) * = - ~ 8 ~ 1  + p*X = 0 

(alnZ/alnf), = - $302 - 803 + 804 + 6.h = 0 

For any value of [ (and q), there are five variables in 
these three equations, so any three of the variables can be 
expressed as functions of the other two. It  is convenient 
to let 803 and 804 be the two degrees of freedom, for the 
solutions can be written in closed form with the abbrevia- 
tion 

k = /&(1--()-1 

The solutions are obtained serially: 

802 = [k - (1  + k) 803 + ( 1 - k)804] (a + k) 
S o l =  1 - 8 0 2 - 8 0 3 - 8 0 4 ;  A = / J & ( ~ - [ ) - ' ;  

811 = ( 1  - f ) h ;  $12 = f X  

For any choice of dual variables satisfying all these con- 
ditions, the following dual function is a constant bounding 
1 below: 

z(t) 22 ( ~ 0 1 ~ ~ 0 1 ~ 6 0 1 ~ ~ 0 2 ~ 8 0 2 ~ 6 0 ' ~ ~ 0 3 ~ ~ 0 3 ~ 6 0 a  

(904/8O4) *okl]-6n(-6u + q d 
To get a good bound, one needs a decent estimate of 80- 

and Soh. These are taken here to be, respectively, the frac- 
tions of the total variable cost associated with the operat- 
ing cost and the auxiliary variable cost; that is 

803 = [ z (  f ) - q]-lto3( 5 1; 804 = [z(  f ) - QI-'to4( 6 ) 
These values generate all the others, from which the lower 
bound constant d is computed. Since z ( 5 )  Z ( f )  1 d for 
all feasible 6, the search can be terminated if d > zt, in 
which case the global optimum must be at f t .  When d < 
Z( 5 ) zt, the global minimum z* is bounded by 

A h A A 

A 

A 
z (  6 )  k z * k d  

If this interval is suitably small, the search for the global 
minimum can be terminated. 

EXAMPLES 

Consider the same example as in [W] and [C, F]. The 
thermal equilibrium design has Tt = T ,  = 826°K and 
( t  = 0.254. To check this temperature for local optimality, 
compute 

(ay/aT) = 97 590 (826) -2 10.6 (826) 

(ay/at) 

- 0.6(4 770)] = -338 

= 0.6 (97 590) [ (0.0312) -' (6.92) -' - (0.254) -'I 
- [0.6 (34 120) + 25 7701 = -5570 

(at/aT) = p52/p53 > 0 

and so ay/aT < 0, proving that T ,  = T,. Thus the cost of 
the system, excluding an auxiliary cooler is, at 826°K 

tj( loT3) = 98.4VO.6 + 15.Of-OJj + 6.55t-I 

The exponent in the reactor volume lower bound is 

The bound gives 

to1 97 590 [l - 0.254) +O.522 (1  - ( ) - 0 . 5 ~ ] " . 6  

= 89.0( 103) (1  - 5 )  --Oa3 for [ & 
Consequently 

y ( 10-9 1 89.0 ( 1 - f )  -0.s13 + 15.0[-0.8 + 6.55(-' 

Suppose the auxiliary cooler cost is 

c ( ~ O - ~ )  = 3.00 - 3.40(5 - f t )  + 33.O(f - 5 t ) O . "  

= 3.86 - 3.40 + 33.0(5 - 0.254)'" 

In the range 0.254 6 1 

33.0(6 - 0.254)O.'& ( 1  - 0.254)-O.4([ - 0.254) 

= 37.15 - 9.42 
and so 

c ( 10-3) k 33.7t - 5.56 

The first semilog derivative of L at  f t  is 
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lop3 (aL/aln[) = (0.313) (0.254) (1 - 0.254) -I( 97.6) 

- 0.6(34.1) - 25.8 + 33.7(0.254) = -27.3 < 0 

Since this is negative, the lower bounding function has a 
minimum value less than zt, so the search begins. The 
second semilog derivative is 

103[0.313(0.254) (0.746)]-'[1 - 0.313(0.746)] 97.6 

+ (0.6)2(34.1) + 25.8 + 8.56 = 57.3(103) 

The Newton-Raphson method gives 

A 
[ = 0.254 exp [ - ( -27.3) (57.3) -'I = 0.409 

A sharper lower bound can now be applied in the range 
of 0.254 6 ( 6 0.409, within which the minimum of 1 is 
now known to be: 

33.0 ( 5  - ( t )  1 33.0 (0.409 - 0.254) ([ - 0.254) 

= 69.66 - 17.7 

whence the new bound on c is c (  10-3) 2 66.2[ - 13.8. 

now evaluated at ( : 

The new lower bounding function, designated l ' ( [ ) ,  is 
A 

z ( t )  2? Z ' ( 0  
= lo3[ (104.9 + 25.7 + 16.0 + 27.1) - 13.81 

= (173.7 - 13.8) lo3 = 159.9( lo3) > Zt 

= 157.5 ( lo3) 
Since this exceeds zt, there is hope of terminating the 
search by constructing a good lower bounding constant 
by using 

and 
803 = 16.0( 173.7) -' = 0.092 

804  = 27.1( 173.7) -' = 0.156. 

From these is computed 

(0.313) (0.409) (0,591) = 0.217, 
whence 

802 = [0.217 - 1.217(0.092) 

+ (1 - 0.217) (0.156)][0.6 + 0.2171-1 = 0.278; 

801 = 0.474 

X = 0.313(0.474) (0.591) = 0.251; 

$11 = 0.149; S12= 0.103 
Then 

89 0 0.474 15.0 0.278 
~'(10-3) (-) (-) 

0.474 0.278 

( 6.55 ( 66.2 )OJ5'3 ( 1 )OJ49 -- - 
0.092 0.156 0.591 

X (&-'lo3 - 13.8 

= 163.5 - 13.8 = 149.7 

Since this is less than zt (  lo-3, = 157.5, the search must 
continue. 

A Newton-Raphson step is taken from [, by using the 
new bounding function, and gives the new point 

A 

A 
51 = (0.409) exp [-18.4(84.38) -I] = 0.329 

Here 

A 
Z'( [I) = l O 3 [  (100.8 + 29.2 + 19.9 + 21.8) - 13.81 

= (171.8 - 13.8) lo3 = 158.0( lo3) > Zt = 157.5( lo3) 

A new lower bounding constant is constructed by using 

803 = lg.g(l71.8)-' = 0.116, 
and 

Then 
$04 = 21.8( 171.8) = 0.127. 

802 = 0.168; 601 = 0.589; A = 0.276; 

811 = 0.184; 812 = 0.090 

89.0 0.589 15.0 
US89 0.168 

10-3(P) k (-) ( 
( 6.55 )0.116 ( 66.2 )0.127 ( 1 )i).l84 

x -  - - 
0.116 0.127 0.671 

x ( L)o'ogo -13.8 
0.329 

= 171.8 - 13.8 = 158.0 > ~ t ( l O - ~ )  

This proves that the global minimum is at [t and termin- 
ates the search. An exhaustive search on z would have lo- 
cated a local minimum of 159.4( 103) at [ = 0.36, as well 
as a local maximum of 161.2( lo3) at [ = 0.26. 

As a second example to illustrate the linear case, let the 
exponent on the surface cost be made unity, so that 

c = 3.00 - 3.40(( - [ t )  + 33.0([ - [t) 
= 29.68 - 4.5 

The Newton-Raphson step of the first example is readily 
modified, since only one term in each derivative is 
changed, namely, the difference ( - 1.04) between 29.6& 
and 33.7ft. Consequently 

A 
[ = [t  exp( - (-27.3 - 1.04)/(57.3 - 1.04) = 0.421 

( 10-3)Z( z ) = (105.6 + 25.2 + 15.6 + 12.5) - 4.5 
A 

= 158.8 - 4.5 = 154.3 < zt(lO-3) = 157.5 

Since this is considerably less than the value at [t, the ther- 
mal equilibrium design is probably not optimal, making it 
worthwhile to find the interior minimum. To see if further 
searching is required, compute a lower bound on I ( [ )  by 
taking 

803 = 15.6/158.8 = 0.098; 804 = 12.5/158.5 = 0.078 

whence the other dual variables give 

( 6.55 )O.O98 ( 29.6 
0.098 0.078 

1 1 
x (= ) O . l W  (= >,.141 - 4.5 

= 157.7 - 4.5 = 153.2 

Thus, further search cannot improve the lower bounding 
function more than $1 100. Given the data, this difference 
is only barely significant. In fact, exhaustive search shows 
that the minimum value of z is 154.1(103) anywhere in 
the range 0.38 6 [ L 0.40. 
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Dialysis Study of Diffusion in a 
Flowing Suspension 

Comparison of solute concentrations at the outlet of a model dialyzer 
with values calculatpd from the appropriate convective diffusion equation 
yielded effective diffusion coefficients for mass transfer of sodium chloride 
in sheared suspensions of 37 to 74 ,.t spheres of a copolymer of styrene- 
divinylbenzene. Significant mass transfer augmentation was observed over 
that attributable to molecular diffusion, and the effective diffusivity in- 
creased with increasing concentration of suspension but remained relatively 
constant with respect to shear rate over the experimental range. 

GEORGE C. HSU 
ROBERT G. LINDGREN 

YING-CHEE CHUNG 
and 

WILLIAM H. CORCORAN 
Chemical Engineering Laboratory 

California Institute of  Technology 
Pasadena, California 91 125 

SCOPE 
The augmentation of heat or mass transfer in a sheared 

suspension has been well established (Singh, 1968; Col- 
lingham, 1968; Keller, 1971; Turitto et  al., 1972). The 
secondary fluid motion associated with the rotation of 
the suspension particles may result in a greater transfer 
of solute transverse to the direction of bulk flow than 
would be produced by simple diffusion. These consider- 
ations are essential to an optimal design of artificial kid- 
neys. 

The present work studied the mass transfer of sodium 
chloride through a neutrally buoyant suspension of 
spheres of a copolymer of styrene-divinyl-benzene in a 

model dialyzer. The fluid was treated as being homoge- 
neous, and the situation was formulated as a convective 
diffusion problem involving an effective diffusion coeffi- 
cient. In a more elaborate formulation this effective dif- 
fusivity would vary with position as a function of local 
shear rate and concentration of suspension. In this work 
the effective diffusivity was regarded as a constant de- 
pendent upon shear rate at the wall and average particle 
concentration. This relationship was evaluated by com- 
paring the value of the concentration of solute measured 
at the dialyzer outlet with the value predicted from the 
mathematical formulation involving the effective diffu- 
sivity. 

CONCLUSIONS AND SIGNIFICANCE 
The dialyzer studies showed that the presence of 50 p 

particles served to augment the diffusion of a solute in 
laminar flow. The effective diffusivity increased with in- 
creasing particle concentration but remained relatively 
constant with increasing shear rate at the wall. These re- 
sults are in the direction indicated by a model in which 
the particles do not interact (Leal, 1973) but differ in the 
nature of the dependence. From Figure 5 the effective 
diffusivity is seen to be almost constant with shear rate as 
opposed to the result expected on the basis of an inde- 

Correspondence concerning this paper should be addressed to William 
H. Corcoran. George C. Hsu is with the Jet Propulsion Laboratory, Pasa- 
dena, California. Robert G. Lindgren is with R & D Associates, Santa 
Monica, California. 

pendent particle model. The value of D/D, - 1 is seen 
from Figure 6 to be negligible at particle concentrations 
of 5%; it increases rapidly with increasing particle con- 
centration over the concentration range of 5 to 10% and 
approaches a limit at a concentration of about 3oV0. At 
the particle concentrations studied, particle interactions 
undoubtedly have a strong effect on mass transfer aug- 
mentation, and particle migration as well as particle ro- 
tation is expected to be important. These movements 
seemed to depend mainly on the particle concentration 
and were not significantly affected by the shear rate within 
the range of shear rates at  the wall employed in the ex- 
periment. 
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